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Abstract Superderivations for the eight families of finite or infinite
dimensional graded Lie superalgebras of Cartan-type over a field of
characteristic p > 3 are completely determined by a uniform approach:
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0. Introduction
Eight families of Z-graded Lie superalgebras of Cartan-type were constructed over
a field of characteristic p > 3 [2, 6, 9, 10, 15]. These Lie superalgebras are subal-
gebras of the full superderivation algebras of the associative superalgebras—tensor
products of the divided power algebras and the exterior superalgebras. The su-
perderivation algebras were studied in one-by-one fashion for the finite dimensional
and simple ones [2, 9, 11, 14, 16]. The present paper aims to use a uniform method
to determine the surperderivation algebras of all the eight families of graded Lie su-
peralgebras of Cartan-type, including the infinite dimensional or non-simple ones.
In particular, the outer superderivation algebras of those Lie superalgebras are com-
pletely determined. We should mention that we adopt a method for Lie algebras
[12, Lemma 6.1.3 ] and benefit much from reading [12, 13]. It should be also men-
tioned that the present paper covers some known results about superderivations for
the finite dimensional simple graded Lie superalgebras of Cartan-type mentioned
above [2, 9, 11, 14, 16] and certain inaccuracies in the literature are corrected.
Throughout F is an algebraically closed field of characteristic p > 3, Z2 := {0¯, 1¯}
is the field of two elements. As in usual, Z, N and N0 are the sets of integers,
nonnegative integers and positive integers, respectively. For a Z2-graded vector
space V , denote by |x| = α the parity of a homogeneous element x ∈ Vα, α ∈ Z2. If
V is a Z-graded vector space and x ∈ V is a Z-homogeneous element, write zd(x)
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for the Z-degree of x. The symbol |x| (resp. zd(x)) always implies that x is a
Z2-(resp. Z-)homogeneous element.
1. Basics
Fix two positive integers m and n > 1. Let O(m) be the divided power algebra over
F with basis {x(α) | α ∈ Nm} and Λ(n) the exterior superalgebra over F with n
variables xm+1, . . . , xm+n. The tensor productO(m,n) := O(m)⊗FΛ(n) is a super-
commutative associative superalgebra in the usual way. For g ∈ O(m), f ∈ Λ(n),
write gf for g ⊗ f . Fix two m-tuples of positive integers t := (t1, t2, . . . , tm) and
pi := (pi1, pi2, . . . , pim) , where pii := p
ti − 1. The divided power algebra O(m) con-
tains a finite dimensional subalgebra O(m; t) := span
F
{x(α) | α ∈ A(m; t)}, where
A(m; t) := {α ∈ Nm | αi ≤ pii}. In particular, O(m,n) has a finite dimensional
subalgebra O(m,n; t) := O(m; t)⊗F Λ(n).
Let u := 〈i1, i2, . . . , ik〉 be a k-shuffle, that is, a strictly increasing sequence of
k integers between m + 1 and m + n. Write xu := xi1xi2 · · ·xik and |u| := k.
Notice that we also denote the set {i1, i2, . . . , ik} by the k-shuffle u itself. The only
n-shuffle is ω := 〈m+ 1, . . . ,m+ n〉. For short, put I0 := 1,m, I1 := m+ 1,m+ n
and I := 1,m+ n. For a proposition P , put δP := 1 if P is true and δP := 0
otherwise. For εi := (δi1, . . . , δim), we abbreviate x
(εi) to xi for i ∈ I0. Let ∂i be
the Special superderivation of O(m,n) such that ∂i(xj) = δij for i, j ∈ I.
From now on, we adopt the convention (m,n;∞) = (m,n). For example, we
have O(m,n;∞) = O(m,n). Let us introduce the eight families of Z-graded Lie
superalgebras of Cartan-type as follows [2, 6, 9, 10, 15]. In the below t may be ∞.
(1.1) The generalized Witt superalgebra W (m,n; t) is spanned by all fr∂r, where
fr ∈ O(m,n; t), r ∈ I.
(1.2) Let div :W (m,n; t) −→ O(m,n; t) be the divergence, which is an even linear
operator such that div(f∂k) = (−1)
|∂k||f |∂k(f) for all k ∈ I. For i, j ∈ I,
let Dij : O(m,n; t) −→ W (m,n; t) be a linear operator such that for a ∈
O(m,n; t), Dij(a) := (−1)|∂i||∂j |∂i(a)∂j−(−1)(|∂i|+|∂j |)|a|∂j(a)∂i. The Special
superalgebra is
S(m,n; t) := {D ∈ W (m,n; t) | div(D) = 0}.
It is the derived algebra of
S(m,n; t) := {D ∈ W (m,n; t) | div(D) ∈ F}.
Moreover, the derived algebra of S(m,n; t),
S(m,n; t)(1) = span
F
{Dij(a) | a ∈ O(m,n; t), i, j ∈ I},
is a simple Lie superalgebra.
Write m = 2r or 2r+ 1. Let ′ be the involution of I such i′ = i+ r for i ∈ 1, r and
i′ = i for i ∈ I1. We also use the mapping σ : I −→ {1,−1} given by σ(i) = −1 for
i ∈ r + 1, 2r and σ(i) = 1 otherwise.
(1.3) Supposem = 2r is even. LetDH : O(m,n; t) −→W (m,n; t) be an even linear
operator given by DH(a) :=
∑
i∈I σ(i)(−1)
|∂i||a|∂i(a)∂i′ . The Hamiltonian
superalgebra is
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H(m,n; t) = span
F
{DH(a) | a ∈ O(m,n; t)}.
Its derived algebra is simple. While H(m,n; t) is the derived algebra of the
Lie superalgebra
H(m,n; t) := H(m,n; t)0¯ ⊕H(m,n; t)1¯,
where for α ∈ Z2,
H(m,n; t)α =
{∑
i∈I
ai∂i ∈ W (m,n; t)α
∣∣∣∣
∂i(aj′) = (−1)
|∂i||∂j |+(|∂i|+|∂j |)ασ(i)σ(j)∂j(ai′), i, j ∈ I
}
.
Write O¯(m,n; t) for the quotient superspace O(m,n; t)/F · 1 and view DH as
the linear operator of O¯(m,n; t). One sees thatH(m,n; t) ∼= (O¯(m,n; t), [ , ]H),
where the bracket is: [a, b]H := DH (a) (b) for a, b ∈ O¯(m,n; t).
(1.4) Suppose m = 2r + 1 is odd. The contact superalgebra is by definition
K(m,n; t) := span
F
{DK(a) | a ∈ O(m,n; t)}.
DK(a) :=
∑
i∈I\{m}
(−1)|∂i||a|
(
xi∂m(a)+σ(i
′)∂i′(a)
)
∂i+
(
2a−
∑
i∈I\{m}
xi∂i(a)
)
∂m.
We have a Lie superalgebra isomorphism
K(m,n; t) ∼= (O(m,n; t), [ , ]K),
where the Lie bracket is: [a, b]K = DK(a) (b)−2∂m(f)(g). Note thatK(m,n; t)(1)
is simple.
In the below, we introduce the other four families of Lie superalgebras of Cartan-
type. In these cases, suppose m > 2 and n = m or m + 1. Let˜be the involution
of I such that i˜ = i+m for i ∈ I0. When n = m, from [6, 9] we have the following
two families of Lie superalgebras.
(1.5) Define an odd linear operator TH : O(m,m; t) −→ W (m,m; t) such that
TH(a) :=
∑
i∈I(−1)
|∂i||a|∂i(a)∂i˜ for a ∈ O(m,m; t). The odd Hamiltonian
superalgebra is
HO(m; t) := span
F
{TH(a) | a ∈ O(m,m; t)},
which is simple. It is the derived algebra of the Lie superalgebra
HO(m; t) := HO(m; t)0¯ ⊕HO(m; t)1¯,
where for α ∈ Z2,
HO(m; t)α =
{∑
i∈I
ai∂i ∈W (m,m; t)α
∣∣∣∣
∂i(aj˜) = (−1)
|∂i||∂j |+(|∂i|+|∂j |)(α+1¯)∂j(ai˜), i, j ∈ I
}
.
We have a Lie superalgebra isomorphism HO(m; t) ∼= (O¯(m,m; t), [ , ]HO),
where the Lie bracket is, [a, b]HO := TH (a) (b) for a, b ∈ O¯(m,m; t).
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(1.6) The Special odd Hamiltonian superalgebra is SHO(m; t) := S(m,m; t) ∩
HO(m; t). Its second derived superalgebra is simple. Put SHO(m; t) :=
S(m,m; t) ∩HO(m; t).
When n = m+1, from [2, 10] we have the following two families of Lie superalgebras.
(1.7) The odd Contact superalgebra is
KO(m; t) := span
F
{DKO(a) | a ∈ O(m,m+ 1; t)},
where DKO : O(m,m+ 1; t) −→W (m,m+ 1; t) is given by
DKO(a) := TH(a) + (−1)|a|∂2m+1(a)D+
(
D(a)− 2a
)
∂2m+1.
Hereafter, D :=
∑2m
i=1 xi∂i. Note that KO(m; t) is simple and KO(m; t)
∼=
(O(m,m+ 1; t), [ , ]KO), where the bracket is
[a, b]KO = DKO (a) (b)− (−1)
|a|2∂2m+1 (a) b for a, b ∈ O(m,m+ 1; t).
(1.8) Given λ ∈ F, for a ∈ O(m,m+1; t) m > 3, consider the linear operator divλ:
divλ(a) := (−1)
|a|2
(
m∑
i=1
∂i∂i˜ (a) +
(
D−mλidO(m,m+1;t)
)
∂2m+1 (a)
)
.
The kernel of divλ is called the Special odd Contact superalgebra, denoted by
SKO(m; t). Its second derived algebra is simple.
Convention 1.1. Hereafter X denotes W , S, H, K, HO, SHO, KO or SKO.
For simplicity we usually write X(t) for X(m,n; t) (X = W,S,H or K) and
X(m; t) (X = HO,SHO,KO or SKO), where t is ∞ or not. It is convenience to
identify X(t) with a finite dimensional subalgebra of X(∞) for t 6=∞.
X(t) and its derived algebras are referred to as the graded Lie superalgebras of
Cartan-type.
Remark 1.2. When t = ∞, S(t), H(t), K(t), SHO(t)(1) and SKO(t)(1) are
simple.
2. Reduction
In this section we establish some technical lemmas to simplify our consideration.
Propositions 2.6 and 2.7 play an important role for determining the superderiva-
tions of Lie superalgebras of Cartan-type. For later use we first list the heights of
the graded Lie superalgebras of Cartan type.
Remark 2.1. X(t) has a principal grading satisfying that
zd(xi) = −zd(∂i) = 1 + δX=Kδi=m + δX=KOδi=2m+1 + δX=SKOδi=2m+1.
Let h(X) denote the height of X(t)(2) and put ξ(t) :=
∑m
i=1 p
ti −m+ n.
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Heights of Lie superalgebras of Cartan type
Height h(X) Lie superalgebra X
ξ(t)− 1 W, KO
ξ(t)− 2 S, HO, SKO with mλ+ 1 6= 0 in F
ξ(t)− 3 H, SKO with mλ+ 1 = 0 in F
ξ(t)− 5 SHO
ξ(t) + ptm − 3 K with n−m− 3 6= 0 in F
ξ(t) + ptm − 4 K with n−m− 3 = 0 in F
Suppose L is a Lie superalgebra and V is an L-module. Denote by Der(L, V )
the superderivation space and Inder(L, V ) the inner derivation space. Clearly,
Der(L, V ) is an L-submodule of HomF(L, V ). Assume in addition that L =
⊕
r∈Z Lr
is Z-graded and finite-dimensional, and V =
⊕
r∈Z Vr is a Z-graded L-module.
Then the superderivation space inherits a Z-graded L-module structure
Der(L, V ) =
⊕
r∈ZDerr(L, V ).
As in the usual, write
Der−(L, V ) := span
F
{φ ∈ Deri(L, V ) | i < 0}.
Let T ⊂ L0 ∩ L0¯ be a torus of L with the weight space decompositions:
L = ⊕α∈ΘL(α), V = ⊕β∈∆V(β).
Then there exist subsets Θi ⊂ Θ and ∆j ⊂ ∆ such that Li = ⊕α∈ΘiLi ∩ L(α)
and Vj = ⊕β∈∆jVj ∩ V(β). Hence L and V have the corresponding Z× T
∗-grading
structures, respectively. Of course Der(L, V ) inherits a Z×T ∗-grading from L and
V as above. A superderivation φ ∈ Der(L, V ) is call a weight-derivation if it is
T ∗-homogeneous. Write θ for the zero weight.
Lemma 2.2. A weight-derivation φ ∈ Der(L, V ) is inner if it is a nonzero weight-
derivation. In particular, any derivation ψ ∈ Der(L, V ) is inner modulo a deriva-
tion of zero weight-derivation.
Proof. Suppose φ ∈ Der(α)(L, V ) and α 6= θ. Since Der(α)(L, V ) is Z-graded, write
φ =
∑
i∈Z φi, where φi ∈ Der(α)(L, V ). Then there exists t ∈ T with α(t) 6= 0 such
that for arbitrary x ∈ L,
α(t)φi(x) = (t · φi)(x) = t ·
(
φi(x)
)
− φi
(
[t, x]
)
= x ·
(
φi(t)
)
.
Hence φi(x) = x·
(
α(t)−1φi(t)
)
, which implies that φi is inner. Then φ is inner.
Analogous to [13, Proposition 3.3.5 and Lemma 4.7.1], we have
Lemma 2.3. Let L = ⊕hi=−rLi be a finite dimensional Z-graded simple Lie super-
algebra. The following statements hold:
(1) L−r and Lh are irreducible L0-modules.
(2) [L0, Lh] = Lh, [L0, L−r] = L−r.
(3) CLh−1(L1) = 0, [Lh−1, L1] = Lh.
(4) CL(⊕i>0Li) = Lh, CL(⊕i<0Li) = L−r.
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IfM ⊂ L is a subalgebra containing L−1⊕L1 and ifM∩Lh−1 6= 0, thenM = L.
Analogous to [7, Lemma 2.1.3], we have
Lemma 2.4. Let V be an arbitrary vector superspace over F. Suppose A1, A2,. . . ,
Ak ∈ EndFV span an abelian sub-Lie superalgebra of gl(V ). Suppose further each
Ai is generalized invertible, that is, there is Bi ∈ EndFV with |Bi| = |Ai| such that
AiBiAi = Ai, 1 ≤ i ≤ k,
AiBj = (−1)|Ai||Bi|BjAi, i ≤ i 6= j ≤ k.
If v1, v2, . . . , vk ∈ V satisfy:
AiBi(vi) = vi, 1 ≤ i ≤ k,
Ai(vj) = (−1)
|Ai||Aj|Aj(vi), 1 ≤ i, j ≤ k,
then there exists v ∈ V such that Ai(v) = vi for all 1 ≤ i ≤ k.
For i ∈ I, define a linear operator Φi :W (t) −→W (t), such that
Φi(x
(α)xu∂j) :=
{
x(α+εi)xu∂j , if i ∈ I0;
x(α)xix
u∂j , if i ∈ I1.
When t 6=∞ we adopt the convention that x(α+εi) = 0 whenever α+ εi 6∈ A(m; t).
Clearly, Φi is of Z-degree 1 and |Φi| = |∂i|. An element D ∈W (t) is called i-integral
provided that ∂iΦi(D) = D.
Lemma 2.5. Let L be a Z-graded subalgebra of W (t) with depth r such that L−r =
span
F
{∂j | j ∈ J(k)} for some k ∈ I, where J(k) = {i1, . . . , ik} is the set of k
integers in I. Then φ(∂j) is j-integral for any φ ∈ Der
(
L,W (t)
)
. Furthermore,
there exists D ∈ W (t) such that φ− adD vanishes on L−r.
Proof. For j ∈ I1, we have [∂j , φ(∂j)] = 0 and φ(∂j) is j-integral. Suppose j ∈ I0. It
is clear that the elements ofW (∞) are j-integral for all j ∈ I0. For t 6=∞, Der(W )
is a restricted Lie superalgebra with respect to the p-power and consequently,
ad
(
(ad∂j)
p
tj−1φ(∂j)
)
= [φ, (ad∂j)
p
tj
] = 0.
Since W (t) is simple, we have (ad∂j)
p
tj−1φ(∂j) = 0 and then φ(∂j) is j-integral.
Without loss of generality one may assume that φ is Z2-homogeneous. For ∂j , ∂s ∈
L−r, since [∂j , ∂s] = 0, it follows that
ad∂j
(
(−1)|φ||∂s|φ(∂s)
)
= (−1)|∂j ||∂s|ad∂s
(
(−1)|φ||∂j|φ(∂j)
)
Put V = W (s), Aj = ad∂j , Bj = Φj and vj = (−1)|φ||∂j|φ(∂j). Form Lemma 2.4,
we can find D ∈W (s) such that φ− adD vanishes on L−r.
For short, write L− for
∑
i<0 Li when L is a Z-graded Lie superalgebra.
Proposition 2.6. For any φ ∈ Der
(
X(t),W (t)
)
, there exists D ∈W (t) such that
φ−adD vanishes on X−(t). If X(t) is finite dimensional and φ ∈ Derk
(
X(t),W (t)
)
for k ≥ −r + 1, where r is the depth of X(t), then there exists D ∈ W (t)k such
that φ− adD vanishes on X(t).
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Proof. Without loss of generality one may assume that φ is Z2-homogeneous. Ob-
viously, the conclusions hold for X =W,S,H,HO or SHO.
For X = K, by Lemma 2.5, there exists D1 ∈ W (t) such that (φ−adD1)(1) = 0.
Put ϕ = φ− adD1. Then for any r, q ∈ I\{m}, we have ∂m
(
ϕ(xr)
)
= 0. It follows
that
σ(r′)∂r
(
(−1)(|φ|+1)|∂q|ϕ(xq′ )
)
= (−1)|∂r ||∂q|σ(q′)∂q
(
(−1)(|φ|+1)|∂r|ϕ(xr′)
)
. (2.1)
Put Ar = σ(r
′)ad∂r, Br = Φr and vr = (−1)(|φ|+1)|∂r|ϕ(xr′ ) for r ∈ I\m. From
(2.1) we have by a direct computation that vr is r-integral. By Lemmas 2.4 and
2.5, there exists D2 ∈ W (t) with ∂m(D2)=0 such that Ar(D2) = vr. It is easy to
prove that there exists D ∈W (t) such that φ− adD vanishes on K−(t).
For X = KO or SKO, the proof is similar. When X(t) is finite dimensional, by
induction on i and Lemma 2.3(4) we obtain that φ − adD vanishes on X(t) and
D ∈ W (t)k.
Proposition 2.7. Let φ ∈ Der
(
X(∞)
)
. If φ
(
X−(∞)
)
= 0, then φ leaves X(t)
invariant for any t 6=∞.
Proof. Let E ∈ X(∞). A sufficient and necessary condition for E ∈ X(t) is that
(1) for X =W,S,H,HO or SHO, (ad∂i)
pti (E) = 0 for all i ∈ I0;
(2) for X = KO or SKO, (adxi)
pti (E) = 0 for all i ∈ I1\{2m+ 1};
(3) for X = K, (adxi)
pti (E) = (ad1)p
tm
(E) = 0 for all i ∈ I0\{m}.
Since φ(X−(∞)) = 0 we obtain that
[φ, ad∂i] = 0 for all i ∈ I0 and X =W,S,H,HO or SHO;
[φ, adxi] = 0 for all i ∈ I1\{2m+ 1} and X = KO or SKO;
[φ, adxi] = [φ, ad1] = 0 for all i ∈ I0\{m} and X = K.
Thus we have φ(X(t)) ⊂ X(t).
In order to prove the next proposition, we establish a technical lemma.
Lemma 2.8. Let L = HO,SHO,KO or SKO. Suppose AL is a subalgebra of
L(∞) and s ≥ 1. If L(s)(2) + Fx((p
si+1−1)εi) ⊂ AL, then L(s+ εi)(2) ⊂ AL.
Proof. Note that
fHO := x
(pi−(psi−2)εi)xω ∈ HO(s); fKO := x
(pi−(psi−2)εi)xω ∈ KO(s);
fSHO :=
m∑
j=1
x(pi−(p
si−2)εi−εj)∂j˜(x
ω) ∈ SHO(s);
fSKO :=
m∑
j=1
x(pi−(p
si−2)εi−εj)∂j˜(x
ω)
+ (−1)m−1mλx(pi−(p
si−2)εi)∂j˜(x
ω−〈2m+1〉) ∈ SKO(s).
Computing
[
x((p
si+1−1)εi), fX
]
X
, one gets
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(1) x(pi+(p−1)p
siεi)xω−〈˜i〉 ∈ AHO ∩HO(s+ εi)
(2)
h(HO)−1;
(2) x(pi+(p−1)p
siεi)xω−〈˜i〉 ∈ AKO ∩KO(s+ εi)
(2)
h(KO)−1;
(3)
∑m
j=1 x
(pi+(p−1)psiεi−εj)∂i˜∂j˜(x
ω) ∈ ASHO ∩ SHO(s+ εi)
(2)
h(SHO);
(4) ASKO ∩
(
SKO(s+ εi)
(2)
h(SKO) + SKO(s+ εi)
(2)
h(SKO)−1
)
contains the element
(−1)m(mλ+ 3)x(pi+(p−1)p
siεi)∂i˜(x
ω−〈2m+1〉)−
m∑
j=1
x(pi+(p−1)p
siεi−εj)∂i˜∂j˜(x
ω),
where h(L) is the height of L(s+ εi)
(2) (see Remark 2.1). Now the conclusion
follows from Lemma 2.3.
Proposition 2.9. Let AX denote a subalgebra of X(∞) and s ≥ 1. Put
EW = x
(psiεi)∂j for some j ∈ I0; EH = x
((psi+1)εi);
ES = Dij(x
((psi+1)εi)) for some j ∈ I0\{i}; EK = x(p
siεi);
EHO = ESHO = x
((psi+1)εi); EKO = ESKO = x
(psiεi).
If X(s)(2) + FEX ⊂ AX , then X(s+ εi)(2) ⊂ AX .
Proof. By Lemma 2.3, it is sufficient to show that AX ∩ X(s + εi)
(2)
h(X)−1 6= 0 or
AX ∩X(s+εi)
(2)
h(X) 6= 0, where h(X) is the height of X(s+ εi)
(2) (see Remark 2.1).
From [12, Lemma 5.2.6] it follows that
fW := x
(pi+(p−1)psiεi)∂r ∈ AW ∩W (s+ εi)h(W )−n, where r ∈ I0\{i};
fH := x
(pi+[(p−1)psi−1]εi−εi′ ) ∈ AH ∩H(s+ εi)
(2)
h(H)−n−1;
fK := x
(pi+(p−1)psiεi−ερ) ∈ AK ∩
(
K(s+ εi)
(2)
h(K)−n +K(s+ εi)
(2)
h(K)−n−1
)
,
where ρ = i if i 6= m; ρ = 1 if i = m.
Computing
[
fW , xrx
ω∂l],
[
fH , x
(2εi)xω
]
H
and
[
fK , x
(2ερ)xω
]
K
, respectively, one
gets
(1) x(pi+(p−1)p
siεi)xω∂l ∈ AW ∩W (s+ εi)
(2)
h(W ), where l ∈ I1;
(2) σ(i)x(pi+(p−1)p
siεi−2εi′ )xω ∈ AH ∩H(s+ εi)
(2)
h(H)−1;
(3) σ(ρ)x(pi+(p−1)p
siεi−ερ′ )xω ∈ AK ∩
(
K(s+ εi)
(2)
h(K) +K(s+ εi)
(2)
h(K)−1
)
.
It follows that X(s+ εi)
(2) ⊂ AX for X = W,H or K. For X = HO or SHO,
choosing j ∈ I0\{i}, we have
x(p
siεi)xj˜ =
[
x((p
si+1)εi), xi˜xj˜
]
HO
∈ AX .
Then
x((p
si+1−1)εi) =
(
(p− 1)!
)−1(
adx(p
siεi)xj˜
)p−1(
x((p
si−1)εi+(p−1)εj
)
∈ AX .
Observe that, for X = KO or SKO,
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x((p
si+1)εi) = −2−1
[
x(p
siεi), xix2m+1
]
KO
∈ AX .
As in the case X = HO, we have x((p
si+1−1)εi) ∈ AX . From Lemma 2.8, we obtain
that X(s+ εi)
(2) ⊂ AX for X = HO,SHO,KO or SKO.
For X = S, without loss of generality, we may assume inductively that AS
contains Bl := Dij(x
(pi+(l−1)psiεi)xω), where 1 ≤ l ≤ p − 1. Note that for 1 ≤ a,
1 ≤ b ≤ p− 1, 1 ≤ l ≤ p,(
lpa − b
pa
)
=
(
l − 1
1
)
= l − 1.
Then
Dij(x
(pi+lpsiεi−εj)xω) = l−1
[
Dij(x
((psi+1)εi)), Bl
]
∈ AS .
Choose any k ∈ I1. One sees that AS contains[
Dik(x
(εi+εj)xk), [Dij(x
((psi+1)εi)), Bl]
]
= −lBl+1,
which implies that 0 6= Bp = Dij(x(pi+(p−1)p
siεi)xω) ∈ AS ∩ S(s + εi)
(2)
h(S). The
proof is complete.
3. Superderivations
As before, X =W , S, H , K, HO, SHO, KO or SKO. Apparently, it is much eas-
ier to determine the superderivations of X(1)(2) than to determine the superderiva-
tions of X(t). On the other hand, X(1)(2) contains almost the whole elementary
information of X(t) in a sense: X(1)(2) contains all the formal variables of the
underlying superalgebras and all the partial derivatives ∂i of X(t). As expected,
starting from the superderivation algebras of the “basic” subalgebra X(1)(2), we
are able to determine the superderivations of the “big” algebraX(t) and its derived
algebra no matter X(t) is finite dimensional or not.
We first introduce two “exceptional” superderivations for HO and SHO.
(1) By [3], HO(t) has an outer derivation
Φ : HO(t) −→ HO(t), f 7−→
∑
i∈I0
∂i∂i˜(f).
(2) By a direct computation, we can show that SHO(3, 3; t)(2) has an outer
derivation
Θ : SHO(t) −→ SHO(t), f 7−→ τ(f),
where τ : O(t) −→ O(t) is a linear operator such that for α = α1ε1 + α2ε2 +
α3ε3,
τ(x(α)xu) = (a1x
(ε1)∂2˜∂3˜ + a2x
(ε2)∂3˜∂1˜ + a3x
(ε3)∂1˜∂2˜)(x
(α)xu),
where
ai =
{ [
(1 + bi)(αi + 1)
]−1
αi 6≡ −1 (mod p),
0 αi ≡ −1 (mod p),
where bi =
∑
j∈{1,2,3} δαj 6=0δj˜∈u.
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Remark 3.1. In [1], Θ mentioned in (2) is neglected by mistake when m = 3.
As in Lie algebra case, X(1)(2) is generated by its local part and one may de-
termine its superderivations by a direct computation. Here we single out certain
conclusions on the negative superderivations from [1, 2, 9, 11, 14, 16]:
Remark 3.2. Der−(X(1)(2)) ∼= X−(1)(2) ⊕ δX=HOFΦ⊕ δX=SHOδm=3FΘ.
Furthermore,{
φ ∈ Der(X(1)(2)) | φ(X−(1)(2)) = 0
}
∼= X(1)
(2)
−r ⊕ δX=HOFΦ⊕ δX=SHOδm=3FΘ,
where r is the depth of X(1)(2).
Note that T :=
∑
i∈I Fxi∂i is abelian and acts diagonally on W (m,n). We call
TX := X ∩ T the canonical torus of X . Following [12, Lemma 6.1.3 ], we have
Lemma 3.3. Let X˜ be a Z-graded subalgebra of X(t) containing X(t)(2) and Q :={
φ ∈ Der
(
X˜,X(∞)
)
| φ(X˜−) = 0
}
. Then
Q ∼= X˜−r ⊕ spanF
{∑∞
j=1 F∂
pj
i | i ∈ I0
}
⊕ δX=HOFΦ⊕ δX˜=SHO(3,3;t)(2)FΘ,
where r is the depth of X˜.
Proof. For any φ ∈ Q, we can consider the following cases:
Case 1: t 6= ∞. From Proposition 2.7 we know that φ leaves X(1)(2) invariant.
In view of Remark 3.2 we may assume that X(1)(2) ⊂ kerφ.
Suppose 1 ≤ s ≤ t to be maximal element satisfying X(s)(2) ⊂ kerφ. Then[
X(1)(2), φ
(
X˜ ∩X(s)
)]
⊂ φ
(
X(s)(2)
)
= 0.
In addition, for X = H,HO or SHO,[
X(1)(2), φ
(
X˜ ∩X(s)
)]
⊂ φ
(
X(s)(2)
)
= 0.
Whence φ
(
X˜ ∩ X(s)
)
= 0 and φ
(
X˜ ∩ X(s)
)
= 0. The conclusion holds if s = t.
Suppose s < t and let i0 be an index such that si0 < ti0 . Fix any j ∈ I0 and
consider the elements EX ∈ X˜ listed below:
EW = x
(p
si0 εi0 )∂j ; EH = x
((p
si0+1)εi0 );
ES = Di0j0(x
((p
si0+1)εi0 )); EK = x
(p
si0 εi0 );
EHO = ESHO = x
((p
si0+1)εi0 ); EKO = ESKO = x
(p
si0 εi0 ).
By Proposition 2.9, EX 6∈ kerφ. However, a computation shows that [EX , X
−(s)] ⊂
kerφ, whence [
φ(EX), X
−(s)
]
= 0. (3.1)
Let TX be the canonical torus of X . By Lemma 2.2 we can assume that φ is a
zero weight-superderivations. Since X(t) is centerless, we have φ(TX) = 0. Thus
we can obtain the following results.
Case 1: Suppose X = W , S, H , HO or SHO. (3.1) means φ(EX) ∈
∑
k∈I F∂k.
By a direct computation, we can find βX ∈ F such that
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φ(EW ) = βW∂i0 ; φ(ES) = βS∂j0 ; φ(EH) = βHxi0 ;
φ(EHO) = βHOxi0 ; φ(ESHO) = βSHOxi0 .
Then φ− βXad∂
p
si0
i0
vanishes on X(s)(2) + FEX .
Case 2: Suppose X = K. From (3.1) we have φ(EK) ∈ K(s)−2 and therefore,
φ(EK) = 2βK∂m for some βK ∈ F. Then φ−βKad∂
p
si0
i0
vanishes onK(s)(1)+FEK .
Case 3: Suppose X = KO or SKO. From (3.1) we have φ(EX ) ∈ X(s)−2 and
φ(EX) = −2βX∂2m+1 for some βX ∈ F. Then φ−βXad∂
p
si0
i0
vanishes on X(s)(2)+
FEX .
Summarizing, one sees from Proposition 2.9 that φ vanishes on X(s + εi0)
(2)
modulo βXad∂
p
si0
i0
. By induction on s, we may assume that X(t)(2) ⊂ kerφ. It
follows that φ(X˜) = 0 and the proof in this case is complete.
Case 2: t =∞. From Proposition 2.7 we know that φ leaves X(t)(2) invariant for
any t 6=∞. From Case 1 we can assume that
φ|X(t)(2) = adDt +
∑m
i=1
∑∞
j=1 a(t)ijad∂
pj
i + µtδX=HOΦ+ νtδX=SHOδm=3Θ,
where Dt ∈ X(t)
(2)
−r and r is the depth of X(t)
(2) and a(t)ij , µt, νt ∈ F. A direct
computation shows that
a(t)ij = a(s)ij for t ≤ s;
µt = µs, νt = νs, Dt = Ds for all t, s ∈ Nm0 .
PutDφ := Dt, µφ := µt, νφ := νt and ϕ := φ−adDφ−µφδX=HOΦ−νφδX=SHOδm=3Θ.
Then
ϕ|X(t)(2) =
∑m
i=1
∑∞
j=1 a(t)ij∂
pj
i .
For i ∈ 1,m and j > 0, choose λXij ∈ F such that λ
X
ij is the coefficient of BX in
ϕ(CX), where BX , CX ∈ X(t)(2). Further information is listed below:
λXij BX CX
λWij x
ω∂l x
(pjεi)xω∂l
λSij Dil(x
ω) Dil(x
(pjεi)xω)
λHij x
ω x(p
jεi)xω
λKij 1 x
(pjεi)
λHOij x
ω x(p
jεi)xω
λSHOij x
ω−〈l〉 x(p
jεi)xω−〈l〉, where l 6= i˜
λKOij x2m+1 x
(pjεi)x2m+1
λSKOij x2m+1 +mλ(xixi˜) x
(pjεi)x2m+1 +mλ(x
((pj+1)εi)xi˜)
Put
δX =
∑m
i=1
∑∞
j=1 λ
X
ij ad∂
pj
i .
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Clearly, (ϕ − δX)(X(t)(2)) = 0. It follows that (ϕ − δX)(X˜) = 0 and the proof in
this case is complete.
By a computation we are able to show that
NorW (t)X(t) = NorW (t)X(t)
(1) for X = S,H or K;
NorW (t)X(t) = NorW (t)X(t)
(1) = NorW (t)X(t)
(2) for X = SHO or SKO.
Further information is listed below (c.f. [1, 2, 9–11, 14, 16]):
Table 3.1: Normalizer of X(t) in W (t)
X S H K HO SHO KO SKO
Nor S H ⊕ FD K HO ⊕ FD SHO ⊕ FD KO SKO ⊕ Fx1x1˜
Hereafter,
D =
∑
i∈I xi∂i, the degree derivation of X(t), where X = S,H,HO or SHO.
Let Mm×∞ be the vector space of all m×∞ matrices over F, that is
Mm×∞ :=
{∑m
i=1
∑∞
j=1 Feij | eij is the unit of m×∞ matrix
}
,
which is regarded as an abelian subalgebra of Der
(
L(t)
)
by letting
[eij , D] = [∂
pj
i , D], for any D ∈ W (t),
where L = X , X(1), or X(2).
Put [eij ,Φ] = [eij ,Θ] = 0.
Theorem 3.4.
Der
(
L(t)
)
∼=
(
NorW (t)L(t)
)
⊕ δX=HOFΦ⊕ δL=SHO(2)δm=3FΘ⊕Mm×∞,
where L = X, X(1), or X(2).
Proof. It is a direct result of Proposition 2.6 and Lemma 3.3.
4. Outer superderivations
In this section, let X = W , S, H , K, HO, SHO, KO or SKO and L = X(t),
X(t)(1) or X(t)(2). Denote by Derout(L) := Der(L)/ad(L) the outer superderiva-
tion algebra of L. Write δ′i,j = 1 if i ≡ j (mod p); δ
′
i,j = 0 otherwise.
For future reference, we establish the following Lie algebras.
(1) Put GX(t) :=Mm×∞ when X =W,K or KO. For t 6=∞, the direct sum of
Lie algebras
GK1 (t) := G
K(t)⊕ δ′m−n,3Ff
K
is an abelian Lie algebra.
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(2) Write the direct sum of Lie algebras GS(t) := Mm×∞ ⊕ Ff
S and let V S :=
span
F
{gSi | i ∈ 1,m} be an abelian Lie algebra. Then, for t 6= ∞, the semi-
direct sum
GS1 (t) := G
S(t)⋉ad V
S
is a Lie algebra with multiplication [Mm×∞, V
S ] = 0 and [fS, gSi ] = g
S
i .
(3) Write the direct sum of Lie algebras G
H
(t) :=Mm×∞ ⊕ FfH1 and let V
H :=
span
F
{gHi | i ∈ 1,m} be an abelian Lie algebras. Then, the semi-direct sum
GH(t) := G
H
(t)⋉ad δt6=∞V
H
is a Lie algebra with multiplication [Mm×∞, V
H ] = 0 and [fH , gHi ] = −2g
H
i .
Moreover, for t 6=∞, the semi-direct sum
GH1 (t) := G
H(t)⋉ad Ff
H
2
is a Lie algebra with multiplication [Mm×∞, f
H
2 ] = [V
H , fH2 ] = 0 and [f
H
1 , f
H
2 ] =
(n−m− 2)fH2 .
(4) Let V
HO
:= span
F
{fHO1 , f
HO
2 } be a Lie algebra given by [f
HO
1 , f
HO
2 ] =
−2fHO2 . Then the direct sum of Lie algebras G
HO
(t) :=Mm×∞ ⊕ V
HO
is a
Lie algebra. Let V HO := span
F
{gHOi | i ∈ 1,m} be an abelian Lie algebra.
Then, the semi-direct sum
GHO(t) := G
HO
(t)⋉ad δt6=∞V
HO
is a Lie algebra with multiplication [Mm×∞, V
HO ] = [fHO2 , V
HO ] = 0 and
[fHO1 , g
HO
i ] = −2g
HO
i .
Theorem 4.1. Let X = W , S, H, K, HO or KO. The outer superderivation
algebras are as follows:
Derout
(
X(t)
)
∼= GX(t);
Derout
(
X(t)(1)
)
∼= GX1 (t), where X = S,H or K, and t 6=∞.
In particular, they are all Lie algebras. Furthermore, Derout
(
K(t)(1)
)
, Derout
(
H(∞)
)
and Derout
(
X(t)
)
are abelian when X =W,S,H,K or KO.
Proof. From [2, 9, 11, 14, 16] we have
(1) S(t) = S(t)⊕ FD
= S(t)(1) ⊕ δt6=∞
∑
i∈I0
Fx(pi−piiεi)xω∂i ⊕ FD;
(2) H(t) = H(t)⊕ δt6=∞
∑
i∈I0
Fx(piiεi)∂i′
= H(t)(1) ⊕ δt6=∞
(
Fxpixω ⊕
∑
i∈I0
Fx(piiεi)∂i˜
)
;
(3) K(t) = K(t)(1) ⊕ δt6=∞δ′n−m,3Fx
(pi)xω ;
(4) HO(t) = HO(t)⊕ δt6=∞
∑
i∈I0
Fx(piiεi)∂i˜.
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From Table 3.1 and Theorem 3.4, by a direct computation we have the desired
results.
The structures of SHO(t) and SKO(t) are very complicated. Now we consider
their outer superderivations.
(1) Let V
SHO
:= span
F
{fSHO1 , f
SHO
2 } be an abelian Lie algebra and V
SHO :=
span
F
{gSHOi | i ∈ 1,m} be an abelian Lie superalgebra with V
SHO
0¯ = 0.
Clearly, the direct sum of Lie algebra G
SHO
(t) := Mm×∞ ⊕ V
SHO
is an
abelian Lie algebra. Then the semi-direct sum
GSHO(t) := G
SHO
(t)⋉ad δt6=∞V
SHO
is a Lie (super)algebra with multiplication [Mm×∞, V
SHO] = [fSHO2 , V
SHO] =
0 and [fSHO1 , g
SHO
i ] = −2g
SHO
i .
For t =∞, the semi-direct sum
G
SHO
1 (t) := G
SHO(t)⋉ad Ff
SHO
3
is a Lie algebra with multiplication [Mm×∞, f
SHO
3 ] = 0; [f
SHO
1 , f
SHO
3 ] =
(m− 2)fSHO3 ; [f
SHO
2 , f
SHO
3 ] = f
SHO
3 .
For t 6= ∞, let Λ(m) := Λ(m) be an abelian Lie superalgebra by letting
Λ(m)¯i := Λ(m)i+1, i = 0, 1. Then the semi-direct sum
GSHO1 (t) := G
SHO(t)⋉ad Λ(m)
is a Lie superalgebra, having a Z2-grading structure induced by G
SHO(t) and
Λ(m), with multiplication
[fSHO1 , x
u] = (2|u| −m− 2)xu; [fSHO2 , x
u] = xu; [xu, xv] = 0;
[Mm×∞, x
u] = 0; [gSHOi , x
u] = (−1)(i,u)δi˜∈ux
u−〈˜i〉,
for all xu, xv ∈ Λ(m), where (−1)(i,u) is determined by the equation ∂i′(x
u) =
(−1)(i,u)xu−〈i
′〉.
Let V SHO1 = spanF
{
fSHO4 , δm=3f
SHO
5
}
and
GSHO2 (t) := G
SHO
1 (t)⊕ V
SHO
1
be a Z2-grading space with(
GSHO2 (t)
)
0¯
=
(
GSHO1 (t)
)
0¯
⊕ V SHO1 ;
(
GSHO2 (t)
)
1¯
=
(
GSHO1 (t)
)
1¯
.
Then GSHO2 (t) is a Lie superalgebra by letting
[fSHO1 , f
SHO
4 ] = −4f
SHO
4 ; [f
SHO
2 , f
SHO
4 ] = 2f
SHO
4 ;
[Mm×∞, f
SHO
4 ] = [V
SHO , fSHO4 ] = [Λ(m), f
SHO
4 ] = 0;
[fSHO1 , f
SHO
5 ] = [f
SHO
2 , f
SHO
5 ] = −f
SHO
5 ;
[Mm×∞, f
SHO
5 ] = [V
SHO , fSHO5 ] = 0;
[∂j′ (x
ω), fSHO5 ] = g
SHO
j , [xj′ , f
SHO
5 ] = 0; for j = 1, 2, 3;
[1, fSHO5 ] = 0; [x
ω, fSHO5 ] = 2
−1(3fSHO2 + f
SHO
1 ); [f
SHO
4 , f
SHO
5 ] = 1,
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(2) Write the direct sum of Lie algebras GSKO(t) :=Mm×∞ ⊕ Ff
SKO.
For t =∞, the semi-direct sum
G
SKO
1 (t) =
{
GSKO(t)⋉ad Ff
SKO
1 mλ−m+ 2 ≡ 0 (mod p) or λ = 1;
GSKO(t) otherwise.
is a Lie algebra with multiplication [Mm×∞, f
SKO
1 ] = 0 and [f
SKO, fSKO1 ] =
fSKO1 .
For t 6=∞, we introduce some symbols for simplicity. Let (i1, i2, . . . , ik) be a
k-tuple of pairwise distinct positive integers. Write the integer
l(λ,m) :=
∑
k∈S0(λ,m)
(
m
k
)
+
∑
k∈S2(λ,m)
(
m
k
)
,
where Sl(λ,m) := {k ∈ 0,m | mλ − m + 2k + l = 0 ∈ F}. Let V SKO :=
V SKO0¯ ⊕ V
SKO
1¯ be a Z2-graded vector space where
V SKO0¯ := V01 ⊕ V02, V
SKO
1¯ := V11 ⊕ V12;
V01 := spanF{Xi1,...,ir | r ∈ S2(λ,m), (i1, . . . , ir) ∈ J(r),m − r is odd};
V02 := spanF{Yj1,...,jl | l ∈ S0(λ,m), (j1, . . . , jl) ∈ J(l),m− l is even};
V11 := spanF{Xi1,...,ir | r ∈ S2(λ,m), (i1, . . . , ir) ∈ J(r),m − r is even};
V12 := spanF{Yj1,...,jl | l ∈ S0(λ,m), (j1, . . . , jl) ∈ J(l),m− l is odd};
J(0) := ∅; J(r) := {(i1, . . . , ir) | 1 ≤ i1 < · · · < ir ≤ m}.
Moreover, V SKO is a Lie superalgebra by letting
[V01 + V11, V01 + V11] = [V02 + V12, V02 + V12] = 0;
[Xi1,...,ir , Yj1,...,jl ] = (−1)
r(m−r+1)[Yj1,...,jl , Xi1,...,ir ]
=
{
0, (i1, . . . , ir) 6= (jl+1, . . . , jm)
δ′mλ,−1sgn(˜ir+1, . . . , i˜m, i˜2, . . . , i˜r) · 1, (i1, . . . , ir) = (jl+1, . . . , jm).
Then, the semi-direct sum
GSKO1 (t) := G
SKO(t)⋉ad V
SKO
is a Lie superalgebra, having a Z2-grading structure induced by V
SKO, with
multiplication [Mm×∞, V
SKO] = 0, adfSKO|V SKO = idV SKO .
Moreover, the semi-direct sum
GSKO2 := G
SKO
1 ⋉ad δ
′
mλ,−1Ff
SKO
1
is a Lie superalgebra, having a Z2-grading structure induced by G
SKO
1 , with
multiplication [Mm×∞, f
SKO
1 ] = [V
SKO, fSKO1 ] = 0; [f
SKO, fSKO1 ] = 2f
SKO
1 .
Note that GSKO2 = G
SKO
1 is a Lie algebra when δ
′
mλ,−1 = 0.
Theorem 4.2. Let X = SHO or SKO. The outer superderivation algebras are
as follows:
Derout
(
X(t)
)
∼= GX(t);
Derout
(
X(t)(1)
)
∼= G
X
1 (t), when t =∞;
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Derout
(
X(t)(i)
)
∼= GXi (t), i = 1, 2 when t 6=∞.
Moreover, Derout
(
X(t)
)
, Derout
(
X(∞)(1)
)
and Derout
(
SKO(t)(i)
)
, i = 1, 2 in the
case δ′mλ,−1 = 0 are all Lie algebras. In addition, Derout
(
X(∞)
)
is abelian.
Proof. For t 6= ∞, if m > 3, the conclusions follow directly from [1, 10]; if X =
SHO and m = 3, the conclusions hold from a simple computation. For t =∞,
SHO(t) ∩ S(t) = SHO(t)⊕ Fx1x1˜
= SHO(t)(1) ⊕ Fxω ⊕ Fx1x1˜;
SKO(t) =
{
SKO(t)(1) ⊕ Fxω mλ−m+ 2 ≡ 0 (mod p) or λ = 1;
SKO(t)(1) otherwise.
From Table 3.1 and Theorem 3.4, by a direct computation we have the desired
results.
Remark 4.3. In the finite dimensional simple case Theorems 4.1 and 4.2 are
known [1, 2, 8–10].
Remark 4.4. Note that there is an error in the formulation of Theorem 2.11 in[3].
Remark 4.5. When t <∞, denote η =
∑m
i=1 ti. The following dimension formu-
las hold:
Dimensions of outer superderivations algebras of Cartan type
X dim
(
Derout
(
X(t)
))
dim
(
Derout
(
X(t)(1)
))
dim
(
Derout
(
X(t)(2)
))
W η −m
S η −m+ 1 η + 1
H η + 1 η + 2
K η −m η −m+ δ′n−m,3
HO η + 2
SHO η + 2 η + 2m + 2 η + 2m + 3 + δm=3
KO η −m
SKO η −m+ 1 η −m+ 1 + l(λ,m) η −m+ 1 + l(λ,m) + δ′mλ,−1
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